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Abstract
A family of simple, nite, undirected and without loops Cayley graphs Cay (Z2n ;QR(2n))
is studied, where Z2n denotes the additive group of integers modulo 2n and the set S = S [
f−Sg, where S = QR(2n) denotes the set of quadratic residues of Z2n , zero excluded. In this
paper we show that the diameter of the Cayley graphs Cay (Z2n ;QR(2n)) is 2 and we give
recursive formulae for the number of triangles in the graph. In addition, we discuss the number
of k-residues modulo pn, p prime and n>1. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The graphs considered in this paper are undirected, simple and without loops. The
undened terms can be found in the standard reference [7].
For each positive integer m let Zm be the ring of integers modulo m and QR(m) the
set of quadratic residues modulo m, zero excluded. The Cayley graph Cay(Z2n ;QR(2n))
is dened as the graph whose vertices are the elements of the set Z2n and edges fx; yg
such that x − y 2 S or y − x 2 S, S =QR(2n). We denote S = S [ f−Sg.
In this paper we concentrate our attention on m=2n. However, some of the procedures
developed in this work are easily applied to m = pn, p prime, or even a composite
number. Our rst task is to describe the elements of S. The following result can be
found in [6].
Proposition 1.1. Let a 2 Z2n and (a; 2)=1 for n>3 where (; ) stands for the maximum
common divisor. If x2  a (mod 2n) has a solution then a  1 (mod 8) and reciprocally.
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From Proposition 1.1 one obtains, after some elementary calculations,`the quadratic
residues modulo 2n for n>3 are congruent 0,1 or 4 modulo 8'. This condition is only
necessary, except for a  1 (mod 8).
The type of Cayley graphs with which we are concerned has been studied recently
in [2{5]. In this work we study the diameter d of Cay(Z2n ;QR(2n)) and count the
number of triangles in these graphs. It turns out that d(x)=2, where x is any vertex of
this graph (see Corollary 2:3), and recursive formulae for the number of triangles are
obtained. Some concepts and properties used in proving our results arise from group
theory and algebraic number theory and can be found in [8,9].
2. Diameter
We will count the number of k-power residues modulo pn, p a prime number, k, n
positive integers.
From now on the ring Zm will be decomposed as u(Zm) [ Zm, where u(Zm) are the
units of Zm and Zm=Zmnu(Zm). It is well known that u(Zm) is a multiplicative abelian
group of order ’(m), where ’(m) is the Euler ’-function. As usual, we denote the
group of automorphisms of Zm by Aut(Zm) and it is a simple exercise to prove that
Aut(Zm)  u(Zm).
Lemma 2.1. If p is an odd prime then Aut(Zpn)  Zpn−1(p−1); and
Aut(Z2n) 
8<
:
f1g if n= 1;
Z2 if n= 2;
Z2  Z2n−2 if n>3:
Proof. See [8].
The next two results are due to Berrizbeita and Giudici.
Let Rk(Zpn) be the set of k-power residues modulo pn and denote by Rk(pn) the
number of k-power residues modulo pn, where k>1, n>1 and p prime and let
Rk(pn−k) = 1, if n6k. Moreover, denote Rk(u(Zpn)) and denote by Rk(Zpn) the set
of k-power residues modulo pn belonging to u(Zpn) and Zpn , respectively.
Lemma 2.2. There exists a one-to-one correspondence between Rk(Zpn) and Rk(Zpn−k ).
Proof. For x 2 Rk(Zpn) dene 
 : Rk(Zpn)! Rk(Zpn−k ) by 
(x) = (x=pk) (modpn−k).
Since x is a non-unit, x  0 (modp). Therefore, x=(pt)k=pktk , x=pk  tk (modpn−k).
Clearly 
 is one to one.
Lemma 2.3. Dene k : u(Z2n)! Rk(u(Z2n)); by k(x) = xk ; n> 2 and k >n. Then
jKerk j=

1; if k is odd;
2(k; 2n−2) if k is even:
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Proof. Let us consider Kerk = fx 2 u(Z2n) j xk  1 (mod 2n)g. Arndt [1] proved that
xk  1 (mod 2n), n> 2, has a single root 1 if k is odd; while for k even the number
of solution is 2(k; 2n−2).
Remark 2.1. By Lemma 2.1 if p> 2 is prime, then u(Zpn) is a cyclic group of order
pn−pn−1. Hence, the set of k-residues modulo pn, belonging to u(Zpn), is a subgroup
of u(Zpn). Therefore,
jRk(u(Zpn))j= ju(Zp
n)j
(k; ju(Zpn)j) =
’(pn)
(k; ’(pn))
:
If p= 2 by Lemma 2.3 it is easy to get
jRk(u(Z2n))j=
8<
:
’(2n) if k is odd;
’(2n)
2(k; 2n−2)
if k is even; except for n= 1 and n= 2:
An elementary computation shows that Rk(2) = 2 and
Rk(4) =
8<
:
4 if k = 1;
2 if k is even;
3 if k > 1 and odd:
Synthesizing the results obtained in Lemma 2.2 and Remark 2.1, we state the
following theorem.
Theorem 2.1. If p is an odd prime and k <n; then
Rk(pn) =
’(pn)
(k; ’(pn))
+ Rk(pn−k):
If p= 2; k <n and n> 2; then
Rk(2n) =
8<
:
’(2n) + Rk(2n−k) if k is odd;
’(2n)
2(k; 2n−2)
+ Rk(2n−k) if k is even:
The recurrence formula obtained in Theorem 2.1 can be given in explicit form as
we do in the next corollary.
Corollary 2.1. For
S = R2(Z2n)nf0g; jSj= 2
n + 3 + (−1)n−1
6
:
Corollary 2.2. For n>1;
jSj= deg(Cay(Z2n ;QR(2n))) =

2n + 2
3

:
Proof. Both corollaries are a direct consequences of Theorem 2.1 and induction.
76 R.E. Giudici, A.A. Olivieri / Discrete Mathematics 215 (2000) 73{79
Table 1
ao xo yo ko
2 1 1 06ko6[ a−18 ]
7 06ko6[ a−48 ] and ko  0 (mod 4)
3 4 or ko  3 (mod 4)
5 4 1 06ko6[ a−48 ] and ko  0 (mod 4) or
ko  3 (mod 4)
6 7 7 06ko6[ a−78 ]
0 1 7 06ko6[ a−18 ]
4 16 4 |
Theorem 2.2. Every vertex of the graph Cay(Z2n ;QR(2n)) has diameter equal to 2.
Proof. Since Cayley graphs are vertex transitive, it is enough to see this property for
the vertex labelled by 0. If b 2 S then d(0; b) = 1, by denition of the graph.
Suppose a 62 S. Then we shall show d(0; a) = 2. In fact, when a 62 S there exists
b 2 S such that a− b 2 S, i.e. a= x + y, with x and y 2 S.
First, assume a 6= 3; 6. Then we use Table 1 to construct x and y, as follows:
Let a  ao (mod 8), a 62 S and consider x  xo (mod 8) and y  yo (mod 8) such
that x = 8ko + xo, where ko is indicated in the table. For every ko dene y = a − x.
Thus, x and y are both less than a.
For the case a  4 (mod 8) there do not exist values of ko, in Table 1. Since by
Lemma 2.2 a  4 (mod 8) and a 2 S if and only if a  4 (mod 32). Hence if a 62 S,
then a  4 (mod 32). Therefore, a− 16  4 (mod 32). That is a− 16 2 S.
Finally, if a=3, then, since 3=7+(−4), and both 7; (−4) 2 S, we have d(0; 3)=2.
Similary, a= 6, 6 = 7 + (−1), with 7 and (−1) 2 S.
3. Triangles
It is interesting to count triangles in Cayley graphs; see [2,4]. In our graphs this
problem is nice and not trivial. Triangles in Cayley graphs arise either from genera-
tors of order 3 or from redundant generators. First of all there are no triangles when
16n64 and since Cay(Z2n ;QR(2n)) is vertex transitive we concentrate our attention
on triangles dened by trios f0; a; bg where a; b 2 S and b−a 2 S. When a=1 2 S,
and b 2 S the trio f0; 1; bg will be a triangle if b− 1 2 S. In this case, we call it a
fundamental triangle and the set of all fundamental triangles is denoted by 401.
Proposition 3.1. Triosf0; 1; bg; f0; 1; b + 1g and f0; 1; 1 − bg; where b 2 S and
b  0 (mod 8); are fundamental triangles; and
j401j=

3(8)n if n is even;
3(8)n − 1 if n is odd:
where (8)n = jfb 2 Z2n j b  0 (mod 8) and b 2 Sgj.
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Proof. To describe 401, we look at f0; 1; ag with a 2 S, and the following three cases
are considered:
Case 1. a  0 (mod 8). Since a − 1  7 (mod 8), then always a − 1 2 S. In fact,
we obtain (8)n fundamental triangles.
Case 2. a  1 (mod 8). If (a − 1) or (1 − a) 2 S, then a − 1 2 S. Since a − 1 
0 (mod 8), then for each b  0 (mod 8) and b 2 S we count only b+ 1 and 1− b, and
2(8)n fundamental triangles are obtained.
Case 3. a  4 (mod 8). Now a− 1 62 S and thus no fundamental triangle exists.
Therefore, the fundamental triangles are f0; 1; bg; f0; 1; b+1g and f0; 1; 1−bg when
b 2 S and b  0 (mod 8).
When n is odd there exists a unique b such that 1− b  b+ 1 (mod 2n). Hence, in
counting triangles we have one triangle less.
Consider Mn=fa 2 S j (a; 2)=1g=R2(u(Z2n)), n>5. This set is obviously an abelian
multiplicative subgroup of u(Z2n). We call it the multiplier group.
Proposition 3.2. Mn is a cyclic group of order 2n−3.
Proof. By Remark 2.1, the order of R2(u(Z2n)) is 2n−3. To see Mn is cyclic, take
9 2 Mn (9  1 (mod 8)). On the other hand, the order of 9 is exactly 2n−3, i.e. every
power 2s satises 92
s 6 1 (mod 2n), where 06s<n−3. We use induction on n, starting
with n= 5.
If n=5 we have n− 3= 2, but 20 = 1 and 21 = 2 are not the order of 9 modulo 25.
Assuming the result for n − 1, consider the order of 9 in Mn. By the inductive
hypothesis 92
s 6 1 (mod 2n−1), for 06s<n− 4; then 92s 6 1 (mod 2n), 06s<n− 4.
For s= n− 4 we have
92
n−4
= (1 + 23)2
n−4
= 1 + 2n−1 +

2n−4
2

(23)2 +   +

2n−4
2n−4 − 1

(23)2
n−4−1 + (23)2
n−4
;
so that 92
n−4  1 + 2n−1 6 1 (mod 2n) and thus 9 generates Mn.
It helps to learn that the subgroup h17i of Mn has order 2n−4 (left as an exercise).
Then, if G is the set of generators of Mn, its order is ’(2n−3)=2n−4, hence G=Mnnh17i.
Let 4+ = ff0; ; kg 2 4 j; k 2 S and  2 Mng. We dene an action of Mn on
4+ by
x  f0; ; kg= f0; x; xkg:
The above action gives us a method to count all triangles in Cay(Z2n ;QR(2n)).
Therefore, it is necessary to know the number of dierent orbits and the cardinality of
each orbit.
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For every f0; ; kg 2 4+, we have f0; ; kg=f0; 1; bg, where b  −1 k (mod 2n).
In fact,
b− 1  −1k − 1  −1k − −1  −1(k − ) (mod 2n):
But (k − ) 2 S, thus b− 1 2 S.
Proposition 3.3. The number of distinct orbits is 2(8)n.
Proof. Consider the orbits O=fx  j x 2 Mng,  2 4+. Two orbits are equal when:
(i) Triangles, in each orbit, are obtained from the same fundamental triangle.
(ii) Triangles are obtained from f0; 1; ag and f0; 1; a−1g.
Case (i) In each orbit there is only the fundamental triangle f0; 1; bg with
b  0 (mod 8), which sum to (8)n.
Case (ii) When a 2 Mn and f0; 1; ag 2 401, then f0; 1; a−1g 2 401. Hence, there
are only the two fundamental triangles f0; 1; ag and f0; 1; a−1g, a 2 Mn. Since
f0; 1; a−1g= a−1  f0; a; 1g, in counting the triangles we get (8)n.
Therefore, the total number of distinct orbits is (8)n + (8)n.
Proposition 3.4. The cardinality of Mn-orbits is given by
jOj=
(
2n−4 if n is odd and = f0; 1; 172n−5g;
2n−3 otherwise:
Proof. Consider H = f 2 Mn j  = g, the stabilizer of ; then jOj is the index,
[Mn : H], of H in Mn. Hence,
jHj=

2 if = f0; 1; ag and a2 = 1;
1 otherwise:
Thus, a2 = 1 when n is odd and a= 172
n−5
.
By Propositions 3.3 and 3.4, we obtain
j4+ j=

2n−2(8)n − 2n−4 if n is odd;
2n−2(8)n if n is even:
In computing j4+j we found that it is also posible to calculate j4j, where 4(n)=
ff0; ; kg 2 4 j; k 2 S and  2 Mn or − 2 Mng.
If f0; ; kg 2 4+4(n), then f0;−;−kg 2 4(n). It remains to be seen if one
of the two trios f0; ;−kg; f0;−; kg is a triangle.
On the other hand, f0; ; kg=   f0; 1; bg and + k 2 S if and only if 1+ b 2 S.
Therefore,
(i) b  0 (mod 8) gives the four triangles: f0; ; kg; f0;−;−kg; f0;−; kg and
f0; ;−kg, except if n is odd and b = 2n−1, because fundamental triangle f0; 1; bg =
f0; 1;−bg and f0;−1; bg= f0;−1;−bg.
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(ii) b  1 (mod 8) gives only triangles f0; ; kg and f0;−;−kg. However, let us
remember that if n is odd and b=2n−1 +1, the fundamental triangle f0; 1; bg generates
one half of the total number of triangles. Synthesizing the above arguments, we obtain
the following closed formula:
j4 (n)j=

(2n−1 + 2n−2)(8)n − 2n−33 if n is odd;
(2n−1 + 2n−2)(8)n if n is even:
Let 40(n) be the set of all triangles passing through vertex 0 for a given
Cay(Z2n ;QR(2n)) and 40(n) =4(n) [ 4(n), where 4(n) =40(n)n4 (n) and let
T0(n)= j40 (n)j. By Lemma 2.2 there exists a bijection between 4(n) and 40(n− 2).
Therefore,
T0(n) = j4 (n)j+ T0(n− 2):
Theorem 3.1. Cay(Z2n ;QR(2n)) has a total number of triangles T (n); where
T (n) =
2nT0(n)
3
:
If we solve the recurrence relation given by Theorem 3.1, we obtain an explicited
formula for the number of triangles for T (n):
45  T (n) =

23(n−1) + 5  22n−1 − 7  2n+2 if n is odd >3;
23(n−1) + 5  22n − 7  2n+4 if n is even >4:
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